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(Dixit JPE 1989 and JEP 1991)

Model I

A firm considers investing in a project whose cost is k. Once invested, the firm will be able to produce one unit of output per unit of time (say, one year) at a production cost of w per unit produced. The interest rate is r. w, k, and r are constant. What is the minimum value of output price, PH, that makes the investment profitable? Expectations are assumed static; that is, future expected values of P equal to current P.

Solution
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PH=w+rk.

Model II

Generalize Model I by allowing abandonment at a cost l > - k and assuming that the output price P grows at a rate (. That is

dP/P=(dt,

P=P0e(t,

Where P0 is the price at time t=0 and P is the price at time t(0. This price process is called geometric process.

Solution

Define the (net present) value function of an active firm when the current price is P by V1(P) and the value function of inactive firm by V0(P).
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Suppose P<PH. Define T as the time period in which the price appreciates from P to PH. That is

Pe(T=PH.

The value function V0(P) is 

V0(P)=e-rT(V1(PH)-k)

Plugging the expressions for V1(P) and for T we get,
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Taking a derivative of V0(P) w.r.t. PH and equating the derivative to 0 gives

PH = w+rk.

The abandonment price PL is given by the value matching condition

V1(PL)=V0(PL)-l
This gives,
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When (=0 this equation gives PL=w-rl, but when (>o we get PL<w-rl.

Model III

Generalizing Model II by introducing uncertainty. The process for the price P is a geometric Brownian (Wiener) process,
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where dz is an increment of a standard Wiener process. That is E(dz)=0 and Var (dz)=E(dz)2=dt. This implies that P(t) is distributed log-normally as,
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Solution

Bellman’s Principle of Optimality, which is the fundamental theorem of dynamic programming, implies

V0(P)=e-rdtV0(P+dP),

where P+dP is the price at time dt.

We would like to find dV0(P)=V0(P+dP)-V0(P). That is, we would like to find the differential of a function of a stochastic variable. Ito’s Lemma, or the “Fundamental Theorem of Stochastic Calculus”, does that. Instead of applying it automatically, let’s derive it. The essence is to expand V0(P+dP) as a Taylor series, and using the known distribution of the geometric Brownian motion for dP.
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e-rdt=1-rdt+higher orders

Plugging these into the Bellman’s equation and taking expectations, using E(dP) = (Pdt and
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and ignoring terms higher than dt (since dt(0) yields
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Using Bellman’s Principle for V1(P) gives,


[image: image11.wmf]ò

-

-

-

+

+

=

dt

rt

rdt

dt

e

w

t

P

E

dP

P

V

e

P

V

o

)

)

(

(

)

(

)

(

1

1


The integral is (P-w)dt + higher orders. Ito’s Lemma thus gives,
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The solution to the differential equations is a general solution to the homogenous part (when the RHS of the equation = 0) and a particular solution to the non-homogenous part (when the RHS ( 0). Try the solution APX for the homogenous part. Plugging V0(P)=APX (or V1(P)=APX) into the differential equation gives (where A is a coefficient),
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This means that the values of X which solve the differential equation must satisfy the following equation,
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this equation is called the characteristic equation (that corresponds to the differential equation). It is a quadratic equation, with roots (<0 and (>0.

Hence
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Try aP+b for the particular solution, where a and b are coefficients to be determined. Plugging aP+b into the differential equation for V1(P) gives,
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In order to complete the solution the parameters A0, B0, A1, P1, and the prices PH and PL have to be determined. That is, six conditions (equations) should be specified. Two conditions are easy,


lim V0(P)=0


P(0

And this gives A0=0.
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P((
And this gives B1=0.

The other four equations are,
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 (value matching condition)
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 (value matching condition)
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 (smooth pasting condition)
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Plugging 
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into the four equations yields B0, A1, PH, PL and completes the solution.

Exercise:
(1) Solve for V0(P) in Model II using Bellman’s Principle of Optimality. Find the solution for PH using the smooth pasting condition.


(2) Solve for a simple version of Model III where abandonment is not allowed (l (w/r). This is the model in Dixit JEP (1991).
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