Supplementary Notes to Open Tables

Full Proofs

There are a few basic equalities that will be used throughout the proofs. First, let § =
(Bo, B1, -, Bn) be an arbitrary n + 1 dimensional vector. Then:
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Proof. By Vandermonde’s identity, (') = Zézo (™M),

i~/ \
Thus the left hand side of (3) is equal to > ;" E;:O (ZT]) (";m) (1—F(x)) F(z)""8;.
If we replace i with i+j, then this becomes 377, . Z;ijo (™) (”;m) (1= F(2)"™ F(z)" 78y,
We can rewrite this expression as » ., Z?:_é ) (";m) (1 — F(z))™ F(z)" 16,
Because () = 0 for a < b, this is equivalent to Y7, -7 5" ('7) (”;m) (1= F(x)™ F(z)" 7 By
O
k(z) = Nz, z) + m (1 — F(x)) (4)

Proof. Recall that r(z) = > 1, () (1 - F(x))" F(z)" " min {m, i}.

By expression (3), this equals > ;" >0 70" (") (n;m) (1 — F(z))™ F(z)"" min {m,i + j}.

Rearranging terms, thus becomes:

Sito (7) (L= F(a) Fa)™ 55" ("5™) (L= F(2)) F(2)"~™ (min {m — i, j} + ).

This last expression is equivalent to A(x,z) +m (1 — F(x)). O
d
bl e = L (Bl 2 el - 0 6

Proof. Recall that E [v|v > a] = [° 13’}8) dv, or ﬁ(m) [.Z vf(v)dv. Using the chain rule,



LBy >a] = %[f vf(v)dv — #@)xf(x), or % (Ev|v > 2] — z).

O]

The proofs of the following thre statements are straightforward and left to readers.

n

W) =3 (1) 0= P P (5 - 1 ) f@mintn ) @

=0
dv*|  _n(l-F(p)
de |._ - k(p) (7)
do| _ (n—m)(1-F(p)
def,_y A(p, p) ®)

Proof of Theorems 2.1 and 2.2.

If we take the derivative of W;.(c) with respect to the transportation cost, ¢, we get:

W (e) = (p+c) (Eolv>p+d—c)+rp+e) ([ﬁmm Zp+c]] —1).

Evaluated at ¢ = 0, this becomes:
W(0) = K(P)E [l = p] + £(p) [ B ol = p]| — n(p).

If we take the derivative of W,(c) with respect to the transportation cost, ¢, we get:

*

Wl(e) = n’(v*)%E [v|v > v*|+k(v*) [dZ*E [v|v > U*H %—n(l — F(v*))#—nf(v*)c%.

Evaluated at ¢ = 0, this becomes:

WH(0) = #'(p) 2| _y Elolo > pl + 5(p) [ E ol > p]] B2y — 0 (1= F("))
Using expression (7) and simplifying, we have:
! _ l d dv*
Wa0) = (K 0)E[vlv = pl + x(p) [ LE bl = p]| - 5(p)) %],

Or, W} (0) = W/ (0) &

r

o Expression (7) is greater than one, thus

W/(0) > W/(0) if and only if W/(0) < 0.



This is equivalent to: H(p)% (E [vlv > p] — p) < k(p) — K'(p)E [vjv > pl.
Evaluated at p = 0 this is: x(0)f(0)E [v|v > 0] < k(0).

This is true if and only if: f(0) [;° «f(x)dx < 1, which proves Theorem 2.1.

By assumption, I''(p) < 0, which implies that 1f§f()p) (E[vlv >p] —p) < 1.

This implies that «(p) L& (B [v|v > p] - p) < k(p).

It follows from the fact that «’(p) < 0 and E [v|v > p] > 0 that W/(0) > W/(0) for all prices
p.

Furthermore, because x'(p) < 0 for all p > 0, it follows that W/(0) > W/(0) for all prices
p> 0.

At p = 0, the fact that £'(0) = 0 implies that W/ (0) > W/(0) if and only if

k(p) 1f§fgp) (E [vlv > p] — p) < k(p), which is true if and only if IV(0) < 0.

This proves Theorem 2.2.

Proof of Theorem 2.3.

At ¢ =0, Wo(c,p) = Wi(c,p) so argmax, Wy(c,p) = argmax, W;.(c,p). Thus W, (0,p,) =
W,(0,p,). To evaluate whether reservations dominates open tables we compare the first
derivatives with respect to c.

dv* d dv* dv*
E > p* N—F > *
[v]v > v*]+k (v )dv* [v]v > v¥] T

d .
%WO(CapO) =K (U ) dC

or

dv*
de

</<c’ (v*) E [vjv > v*] + k (v) %E [vjo > v |+ nxcx f (v*)) —n(l—F@")).

Because p, = argmax, Ws(c, p), it follows that %Wo(c, Po) = 0.

d dv* d dv* dv*

. — / * *
deO(Cvp) K (V) p—i—n*c*f(v)dp.




Because 2= > 0, this implies that

K (V) E vlv > v + Kk (v Efvlv > v ]+ n*xcx f(v*)=0.

) do
Therefore, diW (¢,po) = —n (1 — F (v")).
If we let ¢ go to zero, %W (0,po) = —n (1 — F(p)), where p = lim._,¢ p, = lim¢—,0 py.

Next, dCWT(c,pT) =K (p+c)(Efv>p+c—c)+r(p+c) (ﬁE [v|v > v*] — 1).
Recall that p, = argmax, W;.(c,p). Consequently, d%WT (c,pr) = 0

Because %Wr(c,p) =k'(p+tec)(Ev>p+c— c)+/<a(p+ c) d(p+c E[ |v > v*], it follows
that LW, (c,pr) = —k(p+c). If we let ¢ go to zero, LW, (0, p,) = —k(p). Because —r(p) >
—n (1 — F(p)), it follows that, at sufficiently small ¢, W,.(¢,po) > Wo(c, py).

Unstated Theorems

The following two theorems and lemma are alluded to in the text:

Theorem 3.1. Suppose that the price p, = argmax,p * k(v*) and that the price p, =
argmax,, p * k(p + c). For sufficiently small ¢, if I (p) <0, then Wy.(c, pr) > Wo(c, po).

Theorem 3.2. Suppose that the price p, = argmax,p * k(v*) and that the price p, =
arg max, p * k(p + ¢). For sufficiently small ¢, if Wo(c,po) > Wi(c,pr), then p, < p*, where

p* is the socially optimal price.

Proof. At ¢ = 0, v* = p+ ¢ = p, so argmax,, p * K(v")|._y = argmax, p * k(p + ¢)|._g -
Thus W,(0,p,) = Wy (0,p,). To evaluate whether reservations dominates open tables we

compare the first derivatives with respect to c.

d , dv* * dv*
e 5 , — * E > 7E > * * _ 1 _ F * ,
SWe,p) = (07) SB[l 2 v (07) B ol 2 0] S bsenf (07) S (1= F (07)
or
K (V) E v > 0]+ k(") =—FEvjv > v ] +nxcx f(v°) — k((v") .
dv* dc
The profit maximizing price p, = arg max, pxx (v*) is given by  (v*) = —por’ (v*) % ,
P=DPo

and therefore

dv*

dv’ ' (v*) +nxcxf (v*)) T

dp

%Wo(c, Do) = (n’ (") E[v|v > v*] — por’ (v*)

P=DPo



Because lim._q % =0, it follows that

P=DPo

d dv*
—Wo(0,p,) = K E > p| — pI” .
W00 = ) (Elelo =)o ) G|

Next, £W,(c,p) =K (p+c) (Elv>p+d—c)+r(p+c) (ﬁE[v\v >p+c — 1).
The profit maximizing price p, = arg max, px+ (p + ¢) is given by  (p, + ¢) = —p,&' (pr + ¢),
and thus:

W) = K (0 0) (Dol 2 5y +6 — ) — o (0 + )T (0 0)

If we let ¢ go to zero, £W,(0,p,) = £ (p) (E [v|v > p] — pI" (p)) .

Therefore, %WO(O,pO) = %WT(O,pT) * %}CZO'

As 2| > 1, it follows that LW,(0,p,) > LW, (0,p,) if and only if LW, (0,p,) > 0.
Therefore, social welfare is increasing at the profit-maximizing price. This proves The-
orem 2.5. Because £/'(p) < 0, it follows that %WO(O,pO) > %Wr(o,pr) if and only if

E[v|v > p] < pI' (p). By assumption I(p) < 0, therefore LW, (0,p,) > LW, (0,p,). This
proves Theorem 2.4. O

Lemma 3.3. Suppose that the price p, = argmax,p * k(v*) and that the price p, =
argmax, p * k(p + ¢). For any ¢, po * k(v*) < pr * k(py + c).

Proof. The function (p) is decreasing in p. Because v* > p+e¢, it follows that, for any price
p, pxk(v*) < pxk(p+c). Therefore, p,xk (v*|._y) < po*k(po+c). By construction, because
pr is the profit-maximizing price, p, * k(po + ¢) < p; * (p, + ¢). Therefore p, * K(v*) <
pr * K(pr + ). O

Proof of Lemma 2.4.

If c=0, 0 =p, and thus Ws(0) = m (1 — F(p)) Elvjv > p] + A(p,p)E[v|v > p].
By expression (4), this equals k(p)E[v|v > p|] = W,(0).

Proof of Lemma 2.5.

Let O(c) = k(v*), and let S(c) =m(1 — F(p+c¢)) + A(0,p + ¢).

When ¢ = 0, v* = 0 = p, therefore, O(0) = k(p) and S(0) = m(1 — F(p)) + A(p,p). By
statement (4), 5(p) = m(1 — F(p)) + A(p, p), and therefore 0(0) = S(0).

Computing the derivatives, we find that O'(c) = «'(v*) %}CZO and therefore, O'(0) =
7“1_2%)))’{/(”). Also, S'(¢) = 4\(9, p+c)—mf(p+c), and therefore S'(0) = L\(d,p + C)‘c:o_

C



mf(p). Therefore, O'(0) > S’(0) if and only if

n(l-—F(p)r'p) _ d,
(1) > %A{v,p+c} . —mf(p). (9)

Note that %)\ {0,p+¢c} =
e s o (1) (1= F(p+¢)' F(pre)™ 525" ("5™) (1= F(8)) F(8)"~ )
min{m — i, j}i + n}{;ﬁ’;) Av,p+c)

~ A g Sk (7) (L= Flp+e))! Flp+ 9™~ S35 ("57) (1 = F(@)) F(o)™m
min{m —i,j5}j + %dqﬂx(v,p +¢).
Evaluated at ¢ = 0, this becomes: %)\ {0,p+ c}‘c 0=
— B ik () St (= F@)™ P min{m — . j}i + S8 Ap.p)

~ RS el X (7) 55 (1= F @) F ()" min{m—i, i+ M0 &
Using expression (4), and collecting terms, this simplifes to:

INO,p+ )|y = (G + YR A ) (k(p) —m (1 - F(p)

~ = Lo (7) 55 (L= F@)™ ) minfm — i) (i+ ] o)
Thus expression (10) becomes:

n(lfFEp)))n ® 4 mf(p) — (ﬂ;?izg) + (nf;z;{(p) %‘c:()) (k(p) —m (1 — F(p))) >

w(p

— A S () S (= F(p)™ F(p)™ min{m — i, 5} (i +§ 2|, _).
Or:

nOSPO ) ¢ (fe) o il 8) 4| Y (o — ()= (p) (m o+ (0 —m) 4] — 1) >
~ = G i (7) S (1= Fp)™ Py~ minfm — .} i+ %]._)-
Evaluated at ¢ = 0, and using expression (8), this becomes:

MO P+ el g = F() o 5= (1) (*5™) (1= F(p)) ™ F(p) =

<<% - T(m) + <n Tt = 1—§(p>> (n_n?)((z-},;)ﬂp))) min{m — i, j}

This simplifies to:

Mo+ Yoy = ) ST S (7 (°57) (1= F )™ Ry

((% - T(m) + (n o~ 1—1]?(1))) (nfni)(g)l,;)ﬂpw min{m — i, j}

Thus W/(0) > W.(0) if and only if:

MBI > £() X7 Y5 (7) (*7) (L= Fp)™ F(p)

_oMD, D).



(75— =) + (6 — =) S 22 mingm — i, 3} = m (7)
Multiplying each side by A(p, p)k(p):

AMp.p)n (1= F@) &'(p) = £(p) Zi 5= (1) ("5™) (1= F(p))™ F(p)"~~ min{m—
i,7}

(25— ) Meop)nto) + (57— 35558 ) k() n —m) (1~ F ()

Combining statements (6) and (3):

R(p) = e Spmy (1) (5™) (L= F@)™ Py (et — 24 £(p)min {m. i + j}.

Rearranging terms and applying statement (3):

R(p) = F(p) S0 S5 (1) ("5™) (L= F)™ F(p)— (255t — 55 ) min fm — i, j} +

mf () (1= Fp) i (*7) (L= F@) Fo) == (%55 - iy )

Note that 37—y ("7') (1 — F(p))’ F(p)"~'~" (”E(lpsz — 139%;))) = 17;,1(17). Thus:

'(p) =
mf(p).

=

F0) S0 X5 (1) ("7 (1= F) Fp)»=7 (%5% = iy ) min {m — i, j} -
Substituting for #/(p) and dividing each side by f(p), it follows that W/(p) > W/(p) if and
only if:

Yo 5= (M (™) (L= F(p))™ F(p)" =7 min {m — 4, j}

(%55 - 555) M) —m) 0 (1= F(p))

Yo =t (M (") (L= F(p)™ F(p)"~"~7 min{m — i, j}

((#51 — =w) AMep)e) + (5552 — T ) <) —m) (1= F(p))

Multiplying each side by F(p):



S S (1) (57) (1= F@)™ F(p) == min {m — 1.7}
(n? (1= F(p)) Mp,p) — n(i + j)A(p,p) — mn (1 — F(p)) F(p)) >

St >im (M (5™ (L= F(p)™ F(p)"~"~ min{m — i, j}

(mAW,p) = 2B+ (0= m) (1= F(p) = (n = m)j — mF(p)) x(p)

Rearranging terms:

it Xize (1) (") (L= F(p))™ F(p)"~~ min{m — i, j}

(n* (1= F(p)) Mp,p) —mn (1 = F(p)) F(p) + (mF(p) — mA(p,p) — (n —m)* (1 = F(p))) k(p))

S Xt () (M) (1= F(p)™ F(p)" = min{m — i, 5}

(i + AP, p) — 2B — (0 — m)jn(p))

Using the substitution in statement (4) and cancelling terms:
Stz (M (™) (L= F(p)™ F(p)"~~ min {m — i, j}
[=m (n (1= F(p)) = 5(p))* = mF(p) (n (1 = F(p)) - x(p))] >

Yo >im (M (5™ (L= F(p)™ F(p)"~"~ min{m — i, j}

(n(i +5) (5(p) = m (1 = F(p))) — ‘SO EZEPIRE) — (1~ ) jn(p))
Note that Y7o >2075" (1) ("5™) (1 = F(p))"™ F(p)"~" min {m — i, j} Xi;

= X S (1) (57 (L= P Fp) = m — i),

— S SR (1) (57 (= F@)™ R m =i = )Xy,

It follows that W/(p) > W/(p) if and only if:

>



—m |(n(1 = F(p) = (p))* + F(p) (n (1 = F(p)) - 5(p))|

(mF(p) = S (2) (L= Fp)) Fp)™i(m = 1)| >

m i T () (5 (= F@) ™

2

(G +)n (6p) =m0 (1= Fp))) = i (555 = mw(p)) = 3(n—m)s())

- i (H (M@

— F(

p) ™ F(p) i

(G +)n (sp) =m0 (1= Fp))) = i (555 = mw(p)) = 30— m)())

— 3 X (D (M (-

F(p))"™ F(p)"= (m—i—j)(i+j)n ((p) = m (1 = F(p))) +

Sl S (157 (1= @)™ Py (m — i — )i (L85 — me(p)) +

S S () (M) (1= F(p)™ F(p)"~ (m — i = j)j(n — m)r(p)

—m |(n (1= F(p) = £(p))” + F(p) (n (1 = F(p)) = £(p))]

[mF(p) = Xt (2) (1= F(p)) Fp)"(m — )] >

—m?(n (1 - F(p)) — x(p))*

—m (1= F(p)) 3212 250" (

m—1
i—1

) (") (1= F(p)™ " F(p)ni=d

(i +3)n (x(p) = m (1 = F)) =i (285 — map)) =i —m)(p) ) -

(1= F(p) X7, (1) (1= F(p)" ™ F(p)"*(m — k)n? (x(p) — m (1 - F(p))) +

(1= Fp) ()

(1= Fp) e X0 () (5

J

('57) (1= F@)~ 4 P o)== (m—i)m (

r(p)?
1-F(p)

—ma(p)) +

) (1= F(p))™ =" F(p)"==(m — i — j)(n — m)?k(p)



—m |(n (1= F(p)) = 5(p))* + F(p) (n (1 = F(p)) = 5(p))|
() = S (1) (1= F) Fp)*(m — )] >
—m? (n (1 - F(p)) - 5(p))’

—m (L= F) X35 S5 (0D (57 (= P )t

(G 5+ D o) — m (1= P @) — (b + 1) (2555

—ma(p)) ~ jn ~m)x(p))
~1-Fp)Xr, (7)) @ = F(p) ' Fp)"~(m — i)n? (s(p) — m (1 — F(p)))

2

L= FE) T () 0= PO P m = im (25

—mi(p))

+ (L= F(p) Xt (174) (L= F(p))' ™ F(p)"~(m — i)(n — m)*s(p)

—m |(n (1= F(p) = £(p)) + F(p) (n (1 = F(p)) = £(p))]

[mEm) = S (1) (1= F@)) Fo)"~(m =) =

—m? (n (1= F(p)) - x(p))”

—m (L= F(p)) i 35 (") ("5 L= F@)™ F(p)" '+ (k+)n (s(p) — m (1 = F(p)))

—m (1= F(p) S S0 (M) () (L= F) T F(p) ™= in (v(p) = m (1 - F(p)))

(1= F(p) S 5 () (757 (L= F@) 7 Pk (24555 = mis(p))

2

+m (1= F(p) S 5o (") (75 (1= Fe)M Fp)1-h7 (285

—mn(p))

(1= F(p) S 528" ("5 (75™) (0= F)F F )43 j(n — m)(p)

10



m (n (1= F(p)) = 5(p))* iy (1) (L= F @)™ Fp)*~(m — i)
Dividing each side by m:
— |0 (1= F)) = £(0)) + F(p) (0 (1 = F(p)) — 5(p)|
(mF(p) = 70 () (1= F(p) Fp)"~i(m — )] >
—m (n (1 - F(p)) - (p))*
—(n—1) (1= F(p)* S5t () (L= F@) ™ Fp)"' ¥ (s(p) = m (1= F(p)))
— (1= F(p))n(x(p) —m (1 - F(p)))

2

Hm=1) (1= F(p)) S S5 (179) (*5™) (1= F@)* Fp)=1 =+ (£ — ma(p) )

2

+ (1= Fp)) (1555 — me())

+(n—m) (1 = F(p))* X5 X2 (D) (570 (L= F) F(p)" =% (n—m)r(p)

+(n (1= F(p) = 6(p)* X% (i) (1= F@)' ™ F(p)**(m — 1)

— |0 (1= F)) = 5(p)) + F(p) (0 (1 = F(p)) — 5(p))|
(mF(p) = S (2) (L= F(p)) Fp)™i(m = 1)| >
—m (n (1 - F(p)) - (p))*

—(n? = ) (1= F(p))* x(p) + m(n® = n) (1 = F(p))’
~ (1= F(p)) ni(p) + nm (1 = F(p))’

+(m —=1) (1= F(p)) £(p)* = (m* —m) (1 = F(p))* (p)

11



+r(p)* —m (1 — F(p)) r(p)
+(n—m)?(1 - F(p))® k(p)

+(n(1=F(p) —sp)? S0, (721) (1= F(p)' ™ F(p)"~*(m — i)

— [P ®) (0 (1= F(p)) = 5(p))* + mF(p)?* (n (1 = F(p)) — x(p))]
+ (01 = F(p) = 5(p))* + F(p) (n (1 = F(p)) — 5(p))|

St () (L= F(p) F(p)"~(m — i) >

—m (n (1 - F(p)) - #(p))* F(p)

+(m (1= F(p)) —x(p)) (n (1 = F(p)) — x(p)) F(p)

+(n (1= F(p) = s(p)* Ty (i5) (L= F(p)'™ F(p)" " (m — i)

[(n (1= F(p)) = £(p))* + F(p) (n (1 = F(p)) — x(p))

Sito (7) A= F(p) F(p)" ™ (m —i) >

(m = £(p)) (n (1 = F(p)) — r(p)) F(p)

+(n(1=Fp)) = w(p)* X (171) (L= Fp)™ F(p)"~(m — i)

Note that m — (p) = m — Ap,p) —m (1L — F(p)) = X1 (7) (1 = F(p))' F(p)"~*(m — i).
Thus:

(n (1= F(p)) = 5(p)* 1o (7) (1 = F(p))' F(p)" " (m — i) >

(n(1 = F(p)) = x(p)*+(n (1 = F(p) = w(p))* Xy (7)) (L= F(p)™" F(p)" " (m—i)

12



It follows that W/(p) > W/(p) if and only if:

Yo () (A= F(p) Fp)" " (m—i) = 7 (7)) (1= F(p)™ F(p)"*(m —i) >0

Using the identity (”Z_l) = (1) - (77_1), this equation becomes:

S, ("N (L= F(p)) F(p)"~ (m — i)

+ 300 (721) (L= F(p) (o)~ (m—i)= 1% (171) (1 = F(p))' ™" F(p)" " (m—i) 2 0
This reduces to:

S (7D (L= F() Flp) " (m=i) =3 (17)) (1= F(p))'™" F(p)" =" (m—i) > 0
Because ("7') =0, and substituting j for i — 1, we get:

Sty () (L= F@) Fo)"~(m — i) = S5 (") (1= F(0)Y F(p)"~(m—j —1)

=3 (") A= F@p) F(p)" > 0.
This last statement is clearly true, and the inequality holds strictly if and only if p > 0.

Proof of Theorem 2.6.

If we take the derivative of W;(c) with respect to the transportation cost, ¢, we get:

Wi(e) = —mf(p+c) (Evv>p+c]—c)

+m (1= F(p+0) (125225 (Bllo 2 p+ d =p—0) = 1) + EX 0,0+ ¢} Elulo = 9]

—~
&
=
4
vV
=,
|
>
SN—
‘&
S}
|
—
S
|
2
—~
—_
|
s
—
>

+A {0, p+ o} L ) + (n—m) f(8) e
After simplifying;:

Wi(e) = —mpf(p+c) —m (L= F(p+c) = (n—m) (1~ F(0) + (n—m)f(0) Gc

~A\(B,p+ )7L R + Efolo > 9] [7“”14”;0(}5( Vb 4 A\ (5p+c}|.

13



At ¢ = 0, if we substitute expression (8), this becomes:

W(0) = E[vjo > p] [(n—m)f(p) + S {b,p+c}|._,] —npf(p) —n(1— F(p)).

From the proof of Theorem 2.1 and substituting expression (7), we get:

W;(0) = n (f(p) + CEER0) Blofo > p] = npf () =0 (1= F(p)).

Thus, W/(0) > W/(0) if and only if

n(1—-F(p)'(p) o
K(p)

> Dxfopral| —mi) (10)
c=0

Note that LA {é,p + c} =

o g S () (L= F(p + ¢))' F(p+e)™ Y0 ("5™) (1 = F(0)) F(o)™™

min{m —i,j}i + n}fgf:;():) Av,p+¢)

~ A ke () (L= F+ ) Flo+ o™ S (*57) (L= F@)Y F(o -
min{m —i,j5}j + (n=m)f(%) Trgi{(v) BN, p+ ).
Evaluated at ¢ = 0, this becomes: %)\ {v,p+ c}‘c:D =

— T S o (1) 528 (L= F(p)™ F(p)"="~ min{m — i, j}i + %45\, p)

~ TG deleo o (7) 355" (L= F(p))™ F(p)" =~ minfm—i, jyj+ 0@ 42| _ Ap,p).

Using expression (4), and collecting terms, this simplifes to:

IN 0D+ )|y = (G + OB A ) (k(p) —m (1 - F(p)

~ A St (7) S35 (1= F) ™ F ()™= minfm — i} (i +5 %1,_,).
Thus expression (10) becomes:

MO () — ( milp) | (o) A%‘CZQ (k(p) —=m (1 — F(p))) >

- (1—Ff(§£))F(p) >ito (7) >0 (1=F(p )" F(p)"~7 min{m — 4, j} (i+7 %‘0:0)'
Or:

n(1—F(p))x’ mf n—m)f 0 0
R (G + TR ) (= k) = ) (ot (=) ]y = 1)

~ e Do (1) S50 (L= F)™ Py min{m i, ) (i 4 %.o)-
Evaluated at ¢ = 0, and using expression (8), this becomes:

Y

EM0 D+ g = ) S 55 (1) (157 (1= Fo) ™ Fpy =

<(% - T(m) + (n Tt = 1—§(p)> (n_nﬁ)&})ﬂp))) min{m — i, j}

This simplifies to:
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MO+ ey = F0) S SIS (D) (757 (L= @)™ Ry

m—i _ __ i n—m—j __ j (n—m)(1—F(p)) . .
<<F(P) 1—F(P)) * ( F(p 1—F(p)> Ap.p) ) min{m — i, j}
Thus W/(0) > W/(0) if and only if:

USROG > fp) S S () ("5 (L F(p)™ F(p)

m—1i 7 n—m-—j j n—m)(1—F . .o
<<W - 14@) + ( Fo) 1—#@)) g W) min{m — i, j} —mf(p)
Multiplying each side by A(p, p)k(p):
Alp,p)n (1= F(p) & (p) > f(p) i 5= () (") (1 = F(p))™™ F(p)"~*~7 min{m—
i,J}

(25— 1t ) Mpp)to) + ("t — 25 ) w(p)(n—m) (1~ F(p))

Combining statements (6) and (3):

R(p) = e Spmd (T (5™) (L= F@)™ Py (%t — ) £(p) min {m. i + j}.

Rearranging terms and applying statement (3):

R(p) = f(0) Sito X5y (1) ("5™) (1= Fp)' F(p)»=7 (U558 = 12k ) min {m — i, j} +

mi(p) (1 - Fp) i (1) (L F)) Py =1 (et — ).

Note that 37—y ("7') (1 — F(p))’ F(p)"~'~" (”E(lpsz — 1fﬁp)) = 17;,1(17). Thus:

=

(p) = F(0) e 528" (7) (5™) (L= F)™ F(p) = (st — Ty ) min {m — i, j}—
mf(p)-

Substituting for £'(p) and dividing each side by f(p), it follows that W/(p) > W.(p) if and
only if:

o oo () (") (L= F)™ F(p)=* min {m i, j}
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(5~ i) o) )t ro

S Xim (1) (5™ = F(p)™ F(p)"~"~ min{m — i, j}

m—i 7 it

((#55 — =) Ao into) + (72 — 2o ) W)= m) (1= Fp))

Multiplying each side by F(p):
Yoo (DM - F(p))™ F(p)"~"=I min {m — i, j}
(n* (1 = F(p)) Mp,p) — n(i + j)A(p,p) —mn (1 — F(p)) F(p)) >

Yo =t (M (™) (L= F(p)™ F(p)" ="~ min{m — i, j}

(mA®.p) = 25 + (= m) (1= F(p) = (n— m)j —mF(p)) (p)
Rearranging terms:
S (D57 (1= F)™ F(p)™=~ min {m — i, j}
(n* (1 = F(p)) Mp,p) —mn (1 = F(p)) F(p) + (mF(p) — mA(p,p) — (n —m)* (1 = F(p))) k(p)) >
S (D) (57 (1= F)™ F(p)™= minfm — i, j}
(i + DA, p) — PP — (1 m)jn(p))
Using the substitution in statement (4) and cancelling terms:
S o (1) (*5™) (L= F()™ F(p)~*~ min {m — i, j}
[=m (1= F)) = £(p)* = mF(p) (n (1 = F(p)) = x(p))| =

e s (1) ("5") (L= FE@)™ F(p)*~ min{m — i, j}

(n(i +3) ((p) = m (1 = F(p))) — LI C O — (1 — ) (p) )
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Note that 70 S0 (7) (*5™) (L = F(p)"™™ F(p)"~~7 min {m — i, j} Xy,

= 2o 5= (D) (M) (L= F(p)™ F(p)" = (m — i) Xy

- S S ()57 (= F@) P = i )X,

It follows that W/(p) > W!(p) if and only if:

—m [(n(1 = F(p) = s(p))* + F(p) (n (1 = F(p)) ~ 5(p))]
(mF(p) = 27 (2) (L= F(p)) Fp)™~i(m — )| >

My Sy () (757) (L= F@)™ Fp)=

(6 sp) = m (1 = F @) =i (£ = ma(2)) = (= (o))
- ZZO Z?;gn (T) (n;m) (1 — F(p))z+] F(p)n—z—]z

2

(G +d)n (6p) =m0 (1= F () = i (2555 = mr(p)) = i(n = m)n(p))

=2 T (M) (™) (U= F()) F(p) = (m—i—j)(i+4)n (s(p) — m (1 = F(p))) +

ST S (1)) (= F@)™ Py (m — i — j)i ({2855 — mr(p)) +

S X () (") (L= F(p)™ F(p)"== (m — i — j)j(n — m)r(p)

—m |(n(1 = F(p) = (p))* + F(p) (n (1 = F(p)) — 5(p))|
(mF(p) = S (2) (L= F(p)) Fp)™i(m = 1)| >
—m? (n (1= F(p)) = 5(p))?

—m (1= F(p) 7 X550 () (757 (= Fe)™ 7 Fp)r =
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2

(G 4+ 3)n (sp) = m (1= Fp))) = i (72855 = mav)) = (0 — m)s(p) ) -

(1= Fp) X, (12 1= F®) " Fp)"*(m — k)n? (k(p) — m (1 — F(p))) +

(1= Fp) Sy Sy (27 (5™ (L= F )™ Py (m—i—j)m ({555 — ma(p)) +

(1= Fp) Xt i () (50D (= F)™ ™ Fp)™ 7 (m — i — j)(n — m)*k(p)

—m [(n(1 = F(p) = 5(p))” + F(p) (n (1 = F(p)) — 5(p))|
(mF(p) = 27 (2) (1= F(p)) Fp)™"i(m — )| =
—m? (n (1 = F(p)) — #(p))*

—m (1= F(p) X35 X5 (") (57) (L= F) Py

(043 + 1 (50) = m (1= F@) = (k+1) (555 — ma®) ) = j(n — m)x(p))
~(1=F@) X7, (i) (= Fp) ™ Fp)*(m = i)n® (s(p) — m (1 = F(p))

2

U= FE)D ST (1) 0= FE) Fo)(m - im (12555 — ma(p))

+(1=F(p) X (57) 1= F() ™" F(p)"(m = i)(n — m)®x(p)

—m [(n(1 = F(p) = s(p))* + F(p) (n (1 = F(p)) - 5(p))]
(mF(p) = X7 (2) (1= F(p)) Fp)™~i(m — )| >
—m? (n (1= F(p)) - x(p))*

—m (L= F(p) Y S0 (M) (5 (L= F)F F(p) 4 (kg (5(p) — m (1 — F(p)
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(1= F(p) S im0 (757) (L= F@) F@) '+ (s(p) — m (1~ F(p))

+m (1= F(p) S S50 (") (75™) (L= P Pp) =5k (£ — ma(p))

2

+m (1= F(p) S S5m0 () (75™) (U= P)* Pp)=t 9 (580 — mn(p) )

+m (1= F(p) Sps 02 (") (75™) (1= F(p)™ F(p)"=' =% j(n — m)x(p)

+m (n (1= F(p) = w(p)* X% (i) (1= F@)' ™ F(p)*~*(m — 1)

Dividing each side by m:

— |0 (1= F)) = £(p))* + F(p) (0 (1 = F(p)) — 5(p))|

mF(p) = X () (1= F)) Fp)"~(m =) >

~m(n (1= F(p) ~ n(p))”

—(n = 1) (1= F(p)* izt (70 (L= F) ™ F)" ™ (s(p) = m (1 = F(p)))
— (1= F(p))n(x(p) —m (1 - F(p)))

2

Hm=1) (1= F(p))* Sy S (228 ("77) (1= )M Fp)m 1+ (£25 — ma(p))

+ (1= F(p) (1555 — ma(»))

+(n—m) (1 = F(p))* X5 X2 (D) (570 (L= F)* F(p)" =% (n—m)k(p)

+(n (1= F(p) = w(p)* L%y (72) A= F@)™ Fp)"*(m i)

— |0 (1= F) = 5(0)) + F(p) (0 (1 = F(p)) — 5(p))|

(mF(p) = S (2) (L= Fp)) Fp)™i(m = 1)| >
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—m (n (1= F(p)) — r(p))*

—(n* —n) (1= F(p))* &(p) + m(n* —n) (1 - F(p))’

— (1= F(p)) nk(p) +nm (1 — F(p))*

+(m —1) (1 = F(p)) £(p)* — (m* —m) (1 - F(p))* x(p)
+h(p)? —m (1 - F(p)) x(p)

+(n—m)? (1 - F(p))* x(p)

+(n(1=F(p)) — ()X (17]) (1= F(p))' ™ F(p)"~(m — i)

— |mF®) (0 (1= F(p)) = 5(p))* + mF(p)* (n (1 = F(p)) - x(p))]
+ (01 = F(p) = 5(p))* + F(p) (n (1 = F(p)) — 5(p))|

St () (L= F(p) F(p)"~(m — i) >

—m (n (1 - F(p)) - #(p))* F(p)

+(m (1= F(p)) —x(p) (n (1 - F(p)) — x(p)) F(p)

+(n(1=Fp) = wp)* X (771) L= F@)™" F(p)" " (m — 1)

[(n (1—F(p)) — (p))* + F(p) (n (1 — F(p)) — £(p))
Sy (1) (L= F(p)' F(p)"~(m — i) >
(m —k(p)) (n (1= F(p)) — x(p)) F(p)

+(n(1=Fp) —s@)? S0 (7)) (1= F(p)" ™ F(p)"~*(m — i)
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Note that m — #(p) = m — A(p,p) —m (1= F(p)) = 37 (1) (1 = F(p))" F(p)"~"(m — ).
Thus:

(n (1= F(p) = r(p))* T (7) (1= F(p))' F(p)"*(m — i) >

(n (1= F(p) = k()" +(n (1 = F(p)) = (p))* Ty (71) (1= F(p)"™" F(p)"~ (m—i)
It follows that W/ (p) > W!(p) if and only if:

Yo () (A= F(p) Fp)" " (m—i) = 7 (7)) (1= F(p)™ F(p)""(m —i) > 0
Using the identity (*;') = (7) — (?~}), this equation becomes:

Yo ("7 (1= F@)' F(p) = (m — i)

+ 300 (121) (L= F(p) F(p)" " (m—i) =% (171) (1 = F(p))' ™' F(p)" " (m—i) > 0

This reduces to:

Yo (M (L= F(p) F(p)"(m—i) -1 (32)) (1 = F(p)) ™" F(p)"~ "+ (m—i) > 0

Because (") = 0, and substituting j for i — 1, we get:
1

Yo () A= F@) Fp)rim—i) = X7 () (L= F(p)! F(p)" 7 (m — j — 1)
=37 (") A= F(p) F(p)»~ > 0.

This last statement is clearly true, and the inequality holds strictly if and only if p > 0.
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